In this paper, we present a two-locus model of selection for an autotetraploid population. We also investigate a measure of disequilibrium that occurs between homologous chromosomes in the diploid gametes of autotetraploids, namely chromosomal gametic disequilibrium. We apply the model and measure of disequilibrium to compare how an adaptive epistatic gene combination is inherited and selected for in an autotetraploid versus diploid population. Autotetraploids are expected to have higher genomic mutation and recombination rates relative to diploids, due to a greater ploidy level. These two processes can work in opposition in terms of selection for adaptive epistatic gene combinations. While a higher genomic mutation rate can generate the alleles that confer an epistatic combination more quickly, a higher recombination rate is expected to break the combination down more quickly. We show that chromosomal gametic disequilibrium in autotetraploids can potentially compensate for less linkage disequilibrium in autotetraploids. We also explore how double reduction affects the inheritance of and selection for an epistatic gene combination. Over all, our analysis provides theoretical evidence that adaptive epistatic combinations can be selected for more efficiently in autotetraploids versus diploids. This may provide insight into empirical work that finds epistasis has a role in causing population differentiation between autotetraploid plant populations. 
INTRODUCTION
Polyploidy is widespread taxonomically, occurring in protists, plants, fungi and animals (cf. Lewis, 1980; Otto and Whitton, 2000) . It is particularly abundant in angiosperms, in which~75% of monocot and eudicot species have established polyploid populations, in whole or in part (Husband et al., 2013) . Moreover, many crop species are polyploid (Leitch and Leitch, 2008) and of autopolyploid or allopolyploid origin (Paterson, 2005) . Polyploidy is less widespread in animals, although there are exceptions in some taxa. For example, the fish family Salmonidae had an autotetraploid origin (Allendorf and Thorgaard, 1984) and tetrasomic inheritance persists in the diverse set of extant species within this family (Phillips and Rab, 2001) . In amphibians and reptiles, a polyploid species or variety is typically paired with a diploid species and there are no distinct polyploid taxonomic genera and families (Bogart, 1980) . Given the occurrence of polyploidy in nature and agricultural crops, it is desirable to understand its consequences for both inheritance and the process of natural selection.
Gaps in our understanding of selection in polyploids Although important advances have been made in our understanding of inheritance and selection within polyploid populations, important gaps remain (Otto and Whitton, 2000) . For example, population genetic models of selection in polyploids have thus far been largely limited to a single locus, with models comparing the response to selection in polyploids versus diploids (Haldane, 1926; Wright, 1938; Hill, 1971; Otto and Whitton, 2000) , the effect of panmictic gametic disequilibrium (explained below) on the response to selection (Rowe, 1982; Rowe and Hill, 1984) and comparing mutational load in polyploids versus diploids (Butruille and Boiteux, 2000; Otto and Whitton, 2000) . An exception is the recent work of Selmecki et al. (2015) that simulated an infinite sites model of mutation in a clonal tetraploid and assumed additive fitness effects of mutations. An earlier exception is Ronfort (1999) who modeled multilocus mutational load in a tetraploid assuming independence of the load across loci. The models of Ronfort (1999) and Selmecki et al. (2015) therefore represent extremes in terms of inheritance, assuming either independent segregation of alleles among loci or clonality, and additive fitness under log or linear scaling, respectively.
The lack of a general multilocus selection model for polyploids is problematic. For example, a recent study of the natural autotetraploid plant species Campanulastrum americanum (Etterson et al., 2007) and an earlier study of the autotetraploid agricultural crop alfalfa (Medicago sativa, Bingham et al., 1994) suggest that epistasis may be a factor in subpopulation differentiation and inbreeding depression, respectively. Epistasis occurs when alleles at two or more loci interact to produce a phenotype. Accordingly, a conceptual and theoretical framework of inheritance and selection that involves two or more loci is needed to aid our understanding of natural and artificial selection processes in these autotetraploid species. Furthermore, even in the absence of epistasis, selection at one locus can affect allele frequencies at another locus due to a statistical correlation in allele frequencies, where this statistical correlation can arise through several processes including random genetic drift, physical linkage and/or nonindependent segregation of chromosomes. Polyploidy is expected to increase the recombination rate relative to diploids (Sved, 1964; Pecinka et al., 2011) , which may in turn affect the multilocus selection process. In this paper, we derived a two-locus model of selection for an autotetraploid population.
Models of autotetraploid meiosis
Although a study of two-locus selection is lacking in autotetraploids, a great deal of effort has been put into modeling autotetraploid meiosis, including multilocus models (reviewed in Bever and Felber [1992] and Gallais [2003] ). Autotetraploid meiosis is unique relative to diploid meiosis in that in addition to bivalent chromosome pairing, tetravalent pairing is also possible. Tetravalent pairing was recognized as occurring since the work of de Winton and Haldane (1931) , but it was not until recently that it was modeled (Sybenga, 1994; Wu et al., 2001; Luo et al., 2004; Wu and Ma, 2005; Lu et al., 2012; Voorrips and Maliepaard, 2012; Rehmsmeier, 2013) . In particular, Rehmsmeier (2013) derived a mathematically tractable two-locus model of autotetraploid meiosis that incorporates tetravalents and paired-partner switching. Paired-partner switching occurs when a chromosome aligns and recombines with different homologous chromosomes, which can lead to double reduction. Double reduction occurs when genomic regions of sister chromatids segregate into the same gamete. An advantage of Rehmsmeier's model is that the rate of double reduction is a property of underlying rates of tetravalent formation, recombination and paired-partner switching, whereas other models (Wu et al., 2001; Luo et al., 2004; Wu and Ma, 2005; Lu et al., 2012) treat recombination rates and double reduction as independent parameters. Recombination and double reduction are actually correlated, such that double reduction is a function of rates of tetravalent formation, recombination and paired-partner switching. The Voorrips and Maliepaard (2012) model is a more accurate model of meiosis than Rehmsmeier's in that it not only includes tetravalent formation and paired-partner switching, but also models recombination at the level of chiasma and includes chiasma interference and partial-preferential pairing of chromosomes (Sybenga, 1994) . Although the Voorrips and Maliepaard (2012) model is more accurate, we use Rehmsmeier's (2013) model of meiosis, leaving the consequences of chiasma formation and partial-preferential pairing for future study.
Adaptive epistatic gene combinations
The analysis of our two-locus model of selection focuses on the evolution of adaptive epistatic gene combinations. An adaptive epistatic gene combination is a set of alleles from two or more loci that when put together in a genotype generate an adaptive phenotype. One mechanism of subpopulation differentiation is the evolution of adaptive epistatic gene combinations in local subpopulations. Such a mechanism may explain hybrid breakdown under greenhouse conditions in F1 crosses between subpopulations of C. americanum (Etterson et al., 2007) . Adaptive epistatic combinations have been reported in descendants of hybrids between species of sunflower (Rieseberg et al., 1996) . Adaptive epistatic gene combinations therefore occur in nature and form a hypothesis for subpopulation differentiation and it is of interest to understand their evolution in autotetraploids. Otto and Whitton (2000) noted that an increase in the recombination rate in autopolyploids could negatively affect the evolution of gene combinations because recombination would disassociate these combinations. Nevertheless, as noted by Otto and Whitton (2000) , the genomic mutation rate is higher in autopolyploids. A higher mutation rate may increase the rate at which epistatic gene combinations are formed. Together, the increase in recombination and mutation rates may be conflicting processes in autopolyploids with respect to the evolution of adaptive epistatic gene combinations.
The opportunity for direct inheritance of an epistatic gene combination from parent to offspring is different between diploids and autotetraploids. When the loci occur on the same chromosome, a diploid parent can only pass the combination to its offspring on a single chromosome, whereas an autotetraploid parent can pass the combination at both the chromosome and gamete levels. At the gamete level in an autotetraploid, an epistatic combination may occur across two homologous chromosomes, with one allele on one chromosome and the other allele on the other chromosome. During the course of adaptation it is not known whether inheritance of an epistatic gene combination is typically at the chromosome level or gamete level, nor is it known whether inheritance at the gamete level can compensate for higher recombination rates in autotetraploids.
Linkage and chromosomal gametic disequilibria
In autotetraploids, there is the potential for both linkage disequilibrium between allelic states across two loci on a single chromosome and an association between the states of homologous chromosomes that together form a diploid gamete, which we refer to as chromosomal gametic disequilibrium. Chromosomal gametic disequilibrium indicates an association between the states of homologous chromosomes across multiple loci in a gamete. It is distinct from gametic disequilibrium, which is often used synonymously with linkage disequilibrium and involves an association between allelic states across loci. It is also distinct from ' panmictic gametic disequilibrium', which in the context of polyploids indicates an association between the allelic states in a gamete at a single locus (Gallais, 2003) . Lastly, it is distinct from 'gametic association of two non-homologous genes' (sensu Gallais, 2003) because this measure of association is at the level of the genotype of a gamete and ignores the haplotypes of chromosomes that make up a gamete. Furthermore, gametic association of two nonhomologous genes measures disequilibrium relative to what is expected if allelic states both within and between loci were independent in a gamete. In the methods we present a measure of chromosomal gametic disequilibrium and show that it is independent of linkage disequilibrium in an Appendix 4. Together, linkage disequilibrium and chromosomal gametic disequilibrium provide independent measures of genome level associations within autotetraploids. In the context of the evolution of adaptive epistatic gene combinations, a comparison of linkage disequilibrium with chromosomal gametic disequilibrium gives insight into whether adaptive epistatic gene combinations are typically inherited at the chromosome level or gamete level during the course of adaptation.
Double reduction
Unlike diploids, double reduction can occur in autotetraploids during meiosis with tetravalent pairing and when there is a recombination event between the centromere and a genomic region, recombinant chromosomes cosegregate during Anaphase 1 and then sister genomic regions cosegregate during Anaphase 2. Double reduction has consequences at the population level. Double reduction can slow the rate of decay in linkage disequilibrium between two loci (Bennett, 1954; Crow, 1954; Gallais, 2003) . This is because a tetraploid zygote that is formed in part by a gamete with two sister chromatid regions is less likely to generate unique recombinant products during meiosis since these ancestrally sister chromatid regions are identical in sequence. A reduction in the rate of decline in linkage disequilibrium may be of importance for the evolution of adaptive epistatic gene combinations since adaptation requires the simultaneous occurrence of the alleles that together form the epistatic combination. At a single locus, double reduction tends to increase the level of homozygosity within tetraploid zygotes. Increased homozygosity by double reduction may allow for more effective selection against deleterious alleles (Butruille and Boiteux, 2000) . More efficient selection against deleterious alleles with double reduction may be important in the context of epistatic selection if the alleles that confer the adaptation are deleterious when alone in a genotype, as occurs in the model in this paper.
Outline of this study
In this paper, we present a mathematical model of two-locus selection in an autotetraploid population. We focus on a single randomly mating population and investigate selection of an adaptive epistatic gene combination in an autotetraploid population and compare this to a diploid population. In the model, two alleles-one from each locus -when placed together in a genotype confer an adaptive epistatic gene combination. If either of these alleles are alone in a genotype then the fitness of the genotype is reduced relative to the wildtype genotype that lacks both alleles. This type of epistasis is expected to generate hybrid breakdown in both autotetraploid and diploid populations under greenhouse conditions in a manner similar to that observed in C. americanum (Etterson et al., 2007) . We derive expectations for chromosomal gametic disequilibrium and show how it is independent from linkage disequilibrium. We then investigate selection of an adaptive epistatic combination in autotetraploids, using a diploid population as a basis of comparison, and accounting for rates of mutation and recombination, dosage effects, double reduction and chromosomal gametic disequilibrium. The investigation of selection gives insight into whether adaptive epistatic gene combinations are expected to be more common in autotetraploids versus diploids.
MATERIALS AND METHODS
We investigate a two-locus model with two alleles at each locus. Locus A has alleles A 1 and A 2 and locus B has alleles B 1 and B 2 . Loci A and B occur on the same chromosome arm with the A locus proximal to the centromere. We assume alleles A 2 and B 2 together form an adaptive gene combination, but if these alleles occur alone in a genotype then they are deleterious relative to a genotype homozygous for the A 1 and B 1 alleles. We study inheritance and selection in both a diploid and autotetraploid population.
Modes of gamete formation and meiotic transition functions
Diploid. Fisher (1947) derived a model of meiosis in terms of 'modes of gamete formation'. Under this approach, a diploid genotype at two loci is represented as a 1 b 1 /a 2 b 2 , where a and b indicate the two loci and a 1 b 1 the alleles at these loci on the first homologous chromosome and a 2 b 2 the alleles at these loci on the second homologous chromosome. a 1 and a 2 could be identical in state, the subscripts simply indicate the homologous chromosome the allele occurs on prior to meiosis, likewise for the b locus. There are two modes of gamete formation: a i b i and a i b j for i ≠ j and i, j ∈ {1,2}. Mode a i b i indicates that a gamete has the same alleles as in one of the parental chromosomes. Mode a i b j indicates a gamete has an allele from one of the parental chromosomes at one of the loci and an allele from the other parental chromosome at the other locus. Mode a i b i occurs with probability (1 − r) 2 +2r(1 − r)/2 and mode a i b j with probability 2r(1 − r)/2+r 2 . In these equations, r is the effective rate of recombination between loci (see Table 1 for parameter definitions).
Gamete modes and their associate probabilities can be used to define a meiotic transition function that gives the probability a genotype passes a particular gamete to an offspring. In our model, we also include the process of mutation during meiosis. Mutation occurs during chromosome duplication and during the repair process associated with recombination. From a modeling perspective we are interested in whether an allelic state mutates to a different state during the entire meiotic process. An efficient approach to modeling this is to invoke mutation at the gamete level and ask whether during the meiotic process an allele in a gamete mutated to a different state with probability μ.
Define f ij → k to give the probability that a genotype that is a combination of gametes i and j generates gamete k following the gamete modes model and m k-ℓ to give the probability that mutation during the meiotic process caused a gamete that otherwise would have been in state k to transition to state ℓ. Values for f ij → k are calculated by taking a genotype that is a combination of gametes i and j, generating all possible gametes and their probabilities of formation according to the gamete mode model and then summing the probabilities associated with gamete k. Values for m k-ℓ are calculated by counting the number of shared and unshared allelic states between two gametes. μ is raised to the power of unshared states and (1 − μ) is raised to the power of shared states. Together, the probability of a genotype that is a combination of gametes i and j passing a gamete in state ℓ to an offspring is P k f ij-k m k-c , where the sum is overall possible gametic states k. Specific values for f ij → k and m k -ℓ are most easily presented in matrix form and are provided in Appendix 1.
Tetraploid. As noted by Fisher (1947) , there are eleven modes of gamete formation for an autotetraploid genotype represented as a 1 b 1 /a 2 b 2 /a 3 b 3 /a 4 b 4 . Following the ordering of Rehmsmeier (2013) , these modes are (1)
10) a i b j /a j b k and (11) a i b j /a k b ℓ for i≠j≠k≠ℓ and i,j, k,ℓ ∈ {1,2,3,4}. Rehmsmeier (2013) derived a five-parameter model of gamete formation: q is the effective recombination rate between the centromere and locus A, r is the effective recombination rate between locus A and locus B, p PC is the probability of a paired-partner switch between the centromere and locus A, p DP is the probability of a paired-partner switch between the A and B loci and τ is the probability of tetravalent formation. In the context of paired-partner Table 1 Definitions of parameters used in the model Parameter Definition r Probability of recombination between the loci A and B q Probability of recombination between the centromere and locus A τ Probability a multivalent is formed during meiosis, otherwise a bivalent is formed p PC Probability of a paired-partner switch between the centromere and locus A p DP Probability of a paired-partner switch between locus A and locus B μ Allelic mutation rate per generation
Govern the shape of the fitness function when A 2 (i = 1) or B 2 (i = 2) alleles are alone in a genotype ξ 1 ,ξ 2 Strength of selection against A 2 and B 2 alleles when alone in a genotype α,β
Governs the shape of the fitness fitness function as the product of the dosage of the A 2 and B 2 alleles increase in frequency in a genotype γ
The maximum selective advantage of a genotype fixed for A 2 and B 2 alleles switching, adjustment of recombination rates is necessary to account for potentially two effective recombination events with
Þ =2 the probability of an effective recombination event on each side of a switch location in the region between the centromere and locus A, respectively. Likewise,
the corresponding probability of an effective recombination event on each side of a switch location in the region between locus A and locus B, respectively. Our paper focuses on the case when there is potentially one paired-partner switch and Appendix 2 provides the probability of each gamete mode for this case, where these probabilities come directly from Rehmsmeier (2013) . Inspection of formulas in Appendix 2 verifies that paired-partner switching only occurs when τ40. As derived by Rehmsmeier (2013) , the coefficient of double reduction at locus A is p PC qt 4
and at locus B is
Our analysis focuses on the case when τ = 2/3, which is the expected probability of quadrivalent formation when there is no tendency toward bivalency versus tetravalency (Rehmsmeier, 2013) .
Similar to the diploid case, gamete modes and their associated probabilities can be used to define an autotetraploid meiotic transition function that gives the probability that a genotype passes a particular gamete to an offspring. As with the diploid case, we include the process of mutation during meiosis and invoke mutation at the gamete level asking whether during the meiotic process an allele in a gamete mutated to a different state with probability μ. Since there is redundancy in our enumeration of gametes, transition probabilities m k-ℓ need to account for this. For example, the gamete A 1 B 1 /A 1 B 1 can mutate to gamete A 1 B 1 /A 1 B 2 in two ways by either the first or the second B 1 allele mutating to B 2 (see Appendix 3). Together, the probability of a genotype that is a combination of gametes i and j passing a gamete in state ℓ to an offspring is P k f ij-k m k-c , where the sum is overall possible gametic states k. Note that while the general form of the autotetraploid meiotic transition function is the same as the diploid, specific values for f ij → k and m k -ℓ are different from the diploid case and provided in Appendix 3.
As a theoretical control, we also model an autotetraploid population that assumes there is no chromosomal gametic disequilibrium (see below). In this model of inheritance, parents undergo meiosis as described above, but chromosomes within a gamete are disassociated from each other to form a population-level haploid gamete pool. Offspring are formed by randomly drawing four gametes from this pool with replacement. Under this model, linkage disequilibrium is sustained, but chromosomal gametic disequilibrium is disassociated.
Disequilibrium measures
Linkage disequilibrium. Linkage disequilibrium is an association between the states of alleles at two loci within a chromosome. The standard measure of twolocus linkage disequilibrium is D ¼ p A1B1 p A2B2 À p A1B2 p A2B1 , where p AiBj is the frequency of the haplotype A i B j at the population level. In the context of autotetraploid population genetics, it is worth noting that D ¼ p A1B1 p A1B2 p A2B1 p A2B2 or the determinant of the matrix of haplotype frequencies with elements p AiBj for i,j ∈ {1,2}. Furthermore, it is worth noting that D also measures the deviation between the frequency of a haplotype and its expected frequency assuming independent inheritance, such that jDj ¼ jp AiBj À p Ai p Bj j for all i,j ∈ {1,2}.
Chromosomal gametic disequilibrium. In autotetraploid populations (as well as a general tetraploid population), there is potentially an additional level of disequilibrium at the gamete level, which is an association between the states of two homologous chromosomes in a diploid gamete. An over all measure of this disequilibrium (D) is the determinant of a matrix with elements p AiBj=AkBc for i, j,k,ℓ ∈ {1,2} and where p AiBj=AkBc is the frequency of a gamete with A i B j the state of one homologous chromosome and A k B ℓ the other homologous chromosome, that is
At the individual gamete level a measure of association is the difference between the observed value of p AiBj=AkBc and its expected value assuming no association between chromosomes that make up a gamete, or
Unlike linkage disequilibrium, values of D ijkc are not expected to be equal in absolute value for all i, j, k and ℓ and in Appendix 4 we show that there are six independent D ijkc that contribute to D. Furthermore, we show that observed values of p AiBj=AkBc decompose into the effect due to linkage and the effect due to non-independence among chromosomes that make up a gamete.
Selection
We assume a discrete non-overlapping generation model and random mating. We model the frequency of gametes immediately after meiosis and before the formation of zygotes, such that the frequency of the ℓth gamete is x ℓ . The fitness of a genotype that is the combination of gametes i and j is w ij and we assume that w ij = w ji . Mean fitness of a population is w ¼ P i;j x i x j w ij , where the sum is overall possible i, j combinations. The frequency of the ℓth gamete in the next generation x 0 c is
where this sum is over all possible i, j, k combinations. This formula is general for both diploids and autotetraploids, but with different sets of gametes between the two cases and correspondingly different values for f ij → k , m k-ℓ and wij w . We assume that fitness follows a dose-response like function. Baseline fitness is given by the genotype homozygous for the A 1 and B 1 alleles. Fitnesses of other genotypes are a function of the frequency (dosage) of the A 2 and B 2 alleles in a genotype. In particular, the fitness of the epistatic combination is proportional to the product of dosages of the A 2 and B 2 alleles (Figure 1 ). This model of epistatic fitness is motivated by biochemical processes where the rate of synthesis of a beneficial product is a function of the simultaneous presence of two enzymes. When either of the A 2 and B 2 alleles are absent, then fitness is reduced relative to the genotype homozygous for the A 1 and B 1 alleles (Supplementary Figure 1) . This reduction in fitness could be due to wasted resources in generating the product of an allele that has no serviceable function in absence of another allele, or the allele being free to interact in a negative manner with alleles at other loci because it is not tied-up with its epistatic partner. The nature of the fitness function is quite general and allows for fitnesses that are marginally concave up, S-shaped, weakly concave down and concave down in shape.
More specifically, there is a set of parameters λ ℓ and κ ℓ for ℓ ∈ {1,2} which govern the shape of the fitness function when either alleles A 2 (ℓ = 1) or B 2 (ℓ = 2) occurs by themselves in a genotype. When the epistatic combination is present, there is a set of parameters α and β which govern the shape of the fitness function as the product of the A 2 and B 2 allele frequencies increases. In the function, x ij and y ij are the frequencies of the A 2 and B 2 alleles, respectively, in the genotype composed of gametes i and j. Parameters ξ ℓ for ℓ ∈ {1,2} determine the over all strength of selection against alleles A 2 (ℓ = 1) or B 2 (ℓ = 2) when they occur by themselves in a genotype. Parameter γ determines the over all strength of selection for the epistatic combination consisting of A 2 and B 2 alleles. With these parameters and variables in mind, the fitness of a genotype consisting of gametes i and j is
When x ij y ij = 0, either the A 2 or B 2 allele or both alleles are absent in a genotype and the adaptive epistatic gene combination does not exist. We assume that ξ ℓ o0, λ ℓ 40 and κ ℓ 40, such that fitness declines relative to the baseline genotype when x ij y ij = 0. When x ij y ij 40, both the A 2 or B 2 alleles are present in a genotype and the adaptive epistatic gene combination exists for γ40, β40 and α40. In the fitness function C i are normalizing constants, such that at
With these normalizing constants, fitness equals 1+ξ 1 , 1+ξ 2 and 1+γ when x ij = 1 and y ij = 0, x ij = 0 and y ij = 1, and x ij = 1 and y ij = 1, respectively. When x ij y ij = 0 the decline in fitness with an increase in the dosage of the A 2 or B 2 allele can be linear and act additively (Supplementary Figure 1a) or concave down and act recessively (Supplementary Figure 1b) . It can also be S-shaped and concave up, which would reflect dominance (not shown). Our analysis focuses on the concave down and linear models of deleterious effects because these models are consistent with the average dominance properties of deleterious mutations (Simmons and Crow, 1977; Agrawal and Whitlock, 2011) . When x ij y ij 40, the increase in fitness can be marginally concave down (Figure 1a) , weakly concave down (Figure 1b) , S-shaped ( Figure 1c ) and concave up (Figure 1d) . We study the consequences of all of these types of fitness surfaces. The difference between the concave down and weakly concave down fitness surfaces in our study is that in the concave-down surface fitness reaches 50% of its maximum when x ij = y ij = 1/4, whereas in the weakly concave-down surface, fitness reaches 25% of its maximum when x ij = y ij = 1/4. In the S-shaped surface, fitness reaches 50% of its maximum when x ij = y ij = 1/2, but only weakly increases until that point. In the concave-up surface, fitness reaches 50% of its maximum when x ij = y ij = 3/4; thus, selection is very weak except when the frequency of the epistatic combination is high in a genotype.
The fitness function for w ij assumes the population is in an environment where the epistatic combination of the A 2 and B 2 alleles confers an adaptive benefit. Under greenhouse conditions and in the context of the Etterson et al.
(2007) paper, this adaptive benefit is lost and genotypes with mixtures of A 1 , B 1 , A 2 and B 2 alleles would have fitnesses less than the baseline genotype homozygous for the A 1 and B 1 alleles.
In this paper, we focus attention on adaptation in an environment in which the epistatic combination of the A 2 and B 2 alleles confers an adaptive benefit. We are interested in whether there are conditions in which the epistatic combination reaches high frequency in autotetraploids, but remains absent or at low frequency in diploids. This finding would be consistent with epistasis having an enhanced role in adaptation in autotetraploids versus diploids under these conditions.
In our analysis, populations are initially fixed for the A 1 and B 1 alleles. Mutation then generates alleles A 2 and B 2 through the transition function m k → ℓ . The process of selection either increases the frequency of alleles A 2 and B 2 , or is unable to do so and these alleles remain at low frequency. Figure 2 provides an example of selection conditions in which the epistatic combination establishes more efficiently in an autotetraploid versus a diploid population. The efficiency of selection was measured as the number of generations it takes mean fitness of a population, initially fixed for the A 1 and B 1 alleles, to reach 90% of the maximum possible fitness, which corresponds to the fitness of the genotype homozygous for both the A 2 and B 2 alleles. Figure 2 assumes additive deleterious effects, concave-down epistatic fitness (see Model section, Figure 1 ) and strengths of selection equal to ξ 1 = ξ 2 = − 0.01 for deleterious effects and γ = 0.1 for the epistatic combination. Beyond a recombination rate of 0.05 in diploids, a population does not reach 90% of maximum possible fitness (at 0.05 increments in r from a baseline of zero), and correspondingly the epistatic combination does not reach high frequency. In contrast, the epistatic combination reaches high frequency and 90% of maximum fitness across all recombination rates in autotetraploids. Furthermore, for moderate to high recombination rates, chromosomal gametic disequilibrium allows for more efficient selection of the epistatic combination, provided that there is limited double reduction (black circles).
RESULTS
Under the conditions in Figure 2 , higher recombination rates do not have a negative effect on selection for the epistatic combination in autotetraploids when there is both chromosomal gametic disequilibrium and when chromosomal gametic disequilibrium is absent. Interestingly, chromosomal gametic disequilibrium marginally improved selection efficiency when double reduction was limited, but reduced efficiency when double reduction was present. Inspection of linkage disequilibrium and specific chromosomal gametic disequilibrium values gives insight as to why. With a high rate of recombination and in the absence of double reduction, the gamete A 1 B 2 /A 2 B 1 has a disequilibrium value that is greater than the level of linkage disequilibrium (Figure 3a) . With a high rate of recombination and in the presence of double reduction, gametes A 1 B 2 /A 2 B 2 , A 2 B 1 /A 2 B 2 and A 2 B 2 /A 2 B 2 have levels of disequilibrium slightly less than the level of linkage for the A 2 B 2 chromosome, but then the level of disequilibrium of the A 2 B 2 /A 2 B 2 becomes very large up until the epistatic combination nears high frequency (Figure 3b ). Note the difference in scale between parts (a) and (b) of Figure 3 . When chromosomal gametic disequilibrium is forced to be zero, linkage disequilibrium is not affected and remains similar to cases with chromosomal gametic disequilibrium (Figure 3c ). Marginally more efficient selection with chromosomal gametic disequilibrium and positive disequilibrium for the A 1 B 2 /A 2 B 1 gamete with limited double reduction is consistent with the hypothesis that an autotetraploid population can make use of the epistatic combination occurring at the gamete level. Less efficient selection with chromosomal gametic disequilibrium and double reduction indicates that these conditions are less favorable with respect to selection for epistatic combinations. Under these conditions, it is more likely that a genotype formed by an A 1 B 2 /A 2 B 1 gamete generates a gamete that does not have both A 2 and B 2 alleles because of double reduction, which is consistent with the A 1 B 2 /A 2 B 1 gamete being in negative disequilibrium. Gametes A 1 B 2 /A 2 B 2 , A 2 B 1 /A 2 B 2 and A 2 B 2 / A 2 B 2 are in positive disequilibrium, but these involve A 2 B 2 chromosomes, which take a long time to reach high frequency. Figure 2 indicates that an autotetraploid population can select for an epistatic combination more efficiently than a diploid population, yet chromosomal gametic disequilibrium is not required for better selective efficiency. So, what is a necessary condition for better efficiency in autotetraploid? A simple explanation is to recognize that alleles A 2 and B 2 had additive deleterious effects when alone in a genotype in Figure 2 , such that the deleterious dosage effect of allele A 2 or B 2 was greater in diploids versus tetraploids. Accordingly, early in the evolution of the epistatic combination and when genotypes with one copy of the A 2 or B 2 allele, but not both, are common there is stronger selection against these genotypes in diploids versus tetraploids. Making the deleterious effects of the A 2 and B 2 alleles more recessive results in improved efficiency of selection for both diploids and autotetraploids, but the autotetraploid continues to be more efficient for the degree of recessivity that is modeled (Table 2) .
Results summarized in Figure 2 and Table 2 assumed fairly strong selection for the epistatic combination (10%). With weaker selection for the epistatic combination (and weaker deleterious effects of alleles A 2 and B 2 when alone in a genotype), selection for the epistatic combination in autotetraploids can still be more efficient than diploids with recessive deleterious effects and the concavedown model of beneficial epistatic effects (Table 3) . But, for the weakly concave-down, S-shaped and concave-up fitness models, selection for the epistatic combination in autotetraploids is less efficient than diploids with weak selection and recessive deleterious effects (Table 3) . Diploids incur proportionally larger dosage effects than autotetraploids, such that recessivity causes a proportionally larger reduction in the deleterious effects of the A 2 and B 2 alleles when alone in a genotype in diploids versus autotetraploids. A larger reduction in the deleterious effects in diploids versus autotetraploids allows for more efficient selection for the epistatic combination in diploids because the A 2 and B 2 alleles can increase in frequency faster when they are at low frequency. Under the additive deleterious model and weak selection, more efficient selection switches back to the autotetraploid population (Table 4) .
Lastly, we examine the effect of mutation rate. An increase in the mutation rate may allow for the epistatic combination to reach high Figure 2 Comparison of the rate of selection between diploids and autotetraploids. The figure plots the number of generations for mean fitness of a population to reach 90% of maximum possible fitness as a function of recombination rate for a diploid population (squares), an autotetraploid population that assumes the diploid gamete pool model without double reduction (black circles) and with double reduction (gray circles), and an autotetraploid population that assumes the haploid gamete pool model without double reduction (black triangles) and with double reduction (gray triangles). In the diploid gamete pool model chromosomal gametic disequilibrium may occur, and in the haploid gamete pool model chromosomal gametic disequilibrium does not occur (see Materials and Methods). For a given recombination rate circular and triangular points are staggered to avoid overlap. There are no points plotted for the diploid population beyond a recombination rate of 1/20 because the population did not reach 90% of the maximum possible fitness within 50 000 generations. For the autotetraploid population it is assumed that the recombination rate between the centromere and locus A (q) and between locus A and locus B (r) are the same. Fitness follows the concave-down parameter set for the adaptive epistatic combination (part [a] of Figure 1 ) and the additive deleterious model (part [a] of Supplementary Figure 1) . Selection parameters are ξ 1 = ξ 2 = − 0.01 and γ = 0.1. The mutation rate at the allelic level is μ = 10 − 5 . Without double reduction the remaining parameters are τ = 2/3, p PC = 0 and p DP = 0. With double reduction the remaining parameters are τ = 2/3, p PC = 1/3 and p DP = 1/3. frequency because it may generate chromosomes, gametes and genotypes with both the A 2 and B 2 alleles more quickly. For example, if the mutation rate is increased by a factor of 10 under the selection conditions of Figure 2 , the combination evolves to high frequency in both diploids and autotetraploids across all recombination rates (Table 5) , whereas with the lower mutation rate in Figure 2 the epistatic combination did not reach high frequency in the diploid population for moderate to high recombination rates. Nevertheless, under these conditions mean fitness and correspondingly the frequency of the epistatic combination reach high values sooner in autotetraploids versus diploids for moderate to high recombination rates.
DISCUSSION
Our findings indicate that adaptive epistatic gene combinations can be selected for more efficiently in autotetraploids versus diploids provided that epistasis is sufficiently strong, such that there is an immediate gain in fitness when a genotype consists of both alleles that make up the adaptive epistatic combination. These findings support the possibility that positive selection may be an underlying cause of the epistatic basis of subpopulation differentiation in the plant species C. americanum (Etterson et al., 2007) .
The effect of recombination Interestingly, the adaptive epistatic combination evolved more efficiently in autotetraploids versus diploids when recombination rates were higher versus lower. Sved (1964) noted that autotetraploids are expected to have a higher genomic rate of recombination than diploids and there is empirical support for higher recombination rates in tetraploids compared to diploids in Arabidopsis (Pecinka et al., 2011) . Otto and Whitton (2000) made the conjecture that an increase in the genomic rate of recombination in polyploids could inhibit selection for gene combinations due to the breakdown of linkage between alleles. Inspection of Figure 2 and Tables 2, 3 (with concave-down epistasis), 4 and 5 indicate that provided that the recombination rate is not too small, doubling the recombination rate in autotetraploids (up to a value of 0.5) relative to a diploid results in better or similar rates of selection for the epistatic combination in an autotetraploid versus diploid population. Although autotetraploids are a priori expected to have a higher recombination rate than diploids, recombination rates are evolvable and Yant et al. (2013) found a reduction in the crossover rate after genome duplication in Arabidopsis arenosa. Our results suggest that when adaptation is mediated by epistatic gene combinations, evolution toward lower recombination rates may have a negative effect on autotetraploids relative to diploids.
The effect of chromosomal gametic disequilibrium Our model and analysis indicates that chromosomal gametic disequilibrium can potentially compensate for the breakdown of linkage disequilibrium between epistatic alleles by recombination. In the absence of double reduction, the gamete A 1 B 2 /A 2 B 1 , which carries the epistatic combination is in positive chromosomal gametic disequilibrium in autotetraploids. Double reduction results in a switch from A 1 B 2 /A 2 B 1 being in positive disequilibrium to gametes A 1 B 2 / A 2 B 2 , A 2 B 1 /A 2 B 2 and A 2 B 2 /A 2 B 2 being in positive chromosomal gametic disequilibrium. This switch is interesting in itself and consistent with the double reduction process. Initially, gametes that carry the epistatic combination are expected to be A 1 B 2 /A 2 B 1 gametes. Double reduction increases the probability that a parent that inherited this gamete will not pass this gamete to an offspring because double reduction results in A 1 B 2 /A 1 B 2 and A 2 B 1 /A 2 B 1 gametes, which results in a negative disequilibrium value for the A 1 B 2 /A 2 B 1 gamete. These gametes no longer carry the epistatic combination, which results in less efficient selection. It is not until the A 2 and B 2 alleles reach higher frequency that selection can take hold of the epistatic combination in A 1 B 2 /A 2 B 2 , A 2 B 1 /A 2 B 2 and A 2 B 2 /A 2 B 2 gametes. In the haploid gamete pool model, the effect of double reduction is reduced because chromosomes in gametes are disassociated from each other when forming the pool of gametes. Accordingly, double reduction has less of an effect on the rate of establishment of the epistatic combination. Figure 3 Linkage disequilibrium and chromosomal gametic disequilibrium as a function of the frequency of the A 2 allele during the course of selection of the epistatic gene combination. Selection parameters, mutation rate and meiotic parameters are the same as in Figure 2 , with the recombination rate equal to 0.5. Part (a) corresponds to an autotetraploid population that is not experiencing double reduction, (b) an autotetraploid population that is experiencing double reduction and (c) an autotetraploid population that conforms to the gamete pool model in which chromosomal gametic disequilibrium is not possible. Gray curve-linkage disequilibrium. Black curve-disequilibrium of ( Figure 1d ) Table 2 The effect of recessive deleterious allelic effects on the rate of adaptation of the epistatic gene combination For each type of ploidy the number of generations to reach 90% of maximum possible fitness is presented as a function of recombination rate, where it is assumed that the recombination rate is the same between the centromere and locus A and between loci A and B. Parameters assume recessive deleterious effects and correspond to Supplementary Figure 1b . All other parameter values are the same as in Figure 2 .
Empirically it may be promising to genotype gametes in autotetraploids and measure chromosomal gametic disequilibrium. Our results indicate that we would expect different types of chromosomal gametic disequilibria as the rate of double reduction varies. Furthermore, our results indicate that chromosomal gametic disequilibria may compensate for higher rates of genomic recombination in autotetraploids versus diploids and it would be interesting to compare linkage disequilibrium to chromosomal gametic disequilibrium in nature and during the course of artificial selection.
A comparison with selection at a single locus At a single locus, polyploidy can increase a population's response to selection relative to diploids provided that the dominance level in polyploids is sufficiently high relative to diploids (Otto and Whitton, 2000) or that panmictic gametic disequilibrium is in the direction of adaptive alleles at a locus (Rowe, 1982; Rowe and Hill, 1984) . These principles have parallels in the case of two-locus selection and epistasis. The concave down fitness surfaces with epistasis correspond to the hyperbolic model of fitness in Otto and Whitton (2000) and it is for these types of surfaces that an autotetraploid population responds to selection better relative to diploids at both a single locus and two loci. Recessivity of deleterious alleles sometimes results in more efficient selection of an adaptive epistatic combination in the autotetraploid versus diploid population. Nevertheless, recessivity can result in no distinguishable difference in the efficiency of selection or poorer efficiency in autotetraploids versus diploids. Linkage disequilibria and chromosomal gametic disequilibria in the direction of the epistatic combination allow for a better response to selection in autotetraploids versus diploids, which is similar to the effect of panmictic gametic disequilibria at a single locus. Otto and Whitton (2000) also noted that because deleterious alleles tend to be more masked in polyploids versus diploids, they are expected to segregate at higher frequency and be more abundant in polyploids versus diploids. If there is a change in environment that causes combinations of these previously deleterious alleles to become adaptive in an epistatic manner, then the combination may have a head-start in autotetraploids compared to diploids because of higher initial allele frequencies. Autotetraploids may then respond to selection more rapidly than diploids. Our analysis did not investigate this possibility and assumed populations were fixed for the A 1 and B 1 alleles initially. There may be an expansion of parameter space in which an autotetraploid responds to selection more efficiently compared to diploids if the initial conditions are at deleterious mutation-selection balance and there is a subsequent change in environment.
Incorporating chiasma formation, partial-preferential pairing and other processes Our selection model used Rehmsmeier's (2013) model of meiosis which allows for a mechanistic understanding of how paired-partner Table 4 The effect of weak selection combined with additive deleterious allelic effects on the rate of adaptation of the epistatic gene combination Strengths of selection are the same as in Table 3 , but deleterious effects are additive as in Supplementary Figure 1a . The rate of adaptation is measured as the number of generations to reach 90% of maximum possible fitness. The mutation rate is increased by a factor of 10 relative to Figure 2 . All other parameter values remain the same. The rate of adaptation is measured as the number of generations to reach 90% of maximum possible fitness.
switches and recombination contribute to double reduction. Yet, recombination rates are effective rates in the model and it would be helpful to model recombination at the level of chiasma, as is done in Voorrips and Maliepaard (2012) . Modeling recombination at the level of chiasma will help clarify how much higher effective recombination rates are expected to be in autotetraploids compared to diploids. In addition, it is not yet clear the extent to which the rate of pairedpartner switches is affected by the pattern of chiasma formation, nor do we have a complete theoretical framework for chiasma interference, particularly in autotetraploids (Mezard et al., 2007) . Factors that tend to reduce effective recombination rates appear to lead to more efficient selection of adaptive epistatic combinations in diploids compared to autotetraploids. Furthermore, Rehmsmeier's (2013) model excludes partialpreferential pairing. Partial-preferential pairing is a general feature of autotetraploids, including the plant species C. americanum (Etterson et al., 2007) , as well as salmonid fish (Allendorf and Danzmann, 1997) . How partial-preferential pairing facilitates or inhibits selection for epistatic combinations or even alleles that act additively is not understood. The models of Sybenga (1994) , Stift et al. (2008) and Voorrips and Maliepaard (2012) provide a foundation for incorporating preferential pairing into models of selection in autotetraploids, as well as allotetraploids. Shifts toward strong preferential pairing and disomic inheritance in autotetraploids likely affects chromosomal gametic disequilibria and linkage disequilibria, which in turn may affect the process of selection.
In the context of disomic versus tetrasomic inheritance, there is an important distinction between modeling the formation of bivalents and tetravalents, using a parameter such as τ and partial-preferential pairing. In the Rehmsmeier (2013) model, even if τ = 0, such that only bivalents form, inheritance is still tetrasomic because any of the four homologous chromosomes can form a bivalent. Partial-preferential pairing shifts inheritance towards disomy by having specific homologous chromosomes form bivalents (Stift et al., 2008; Stift et al., 2010) . Our analysis assumed the probability of tetravalent formation during meiosis (τ) was its random expectation of 2/3. Despite this simplification, we were able to alter the rate of double reduction by changing the probability of paired-partner switches. In principle there could be an interaction between the probability of tetravalent formation and the probability of paired-partner switches on linkage and chromosomal gametic disequilibria and selection at two loci, but this interaction would have to manifest itself via a process other than double reduction because the probability of double reduction is function of the product of the probability of tetravalent formation and paired-partner switching (Rehmsmeier, 2013) .
There is opportunity to broaden the investigation of two-locus selection in autotetraploids. This paper focused on a particular type of epistasis, but other models are possible, including a non-epistatic model. Characterization of two-locus equilibria in diploids was a classic problem of interest in the 1970s and 1980s (for example, Karlin, 1975; Hastings, 1981) . It would be of interest to compare equilibria and stability properties between autotetraploids and diploids to gain insight into differences between the selection processes of autotetraploids and diploids. In principle, the variable space (such as the addition of chromosomal gametic disequilibrium) is greater in autotetraploids versus diploids, which may change the nature of equilibria and constraints in autotetraploids versus diploids. Furthermore, the nature of local adaptation in autotetraploids has not been theoretically studied for both single locus, as well as two loci. Ronfort et al. (1998) showed that variation in the rate of double reduction in autotetraploids affects F ST , which may affect the process of local adaptation. Meirmans and Van Tienderen (2013) investigated the effect homoeologous allele exchange on F-statistics, including F ST and F IT .
In addition, our paper did not study an alternate explanation for hybrid breakdown in C. americanum. An alternative explanation is non-adaptive, but still involves epistasis. It could be that subpopulations fix unique deleterious alleles due to random genetic drift and compensatory mutations then arise and fix that restore fitness (Etterson et al., 2007) . In hybrids, deleterious-compensatory pairings are disrupted leading to a reduction in fitness. A theoretical analysis that compares the compensatory mutation process in diploids and autotetraploids would be informative about the potential role this has in C. americanum.
More broadly, adaptive gene combinations (Mayr, 1963) and polyploidy (Stebbins, 1950; Ramsey and Schemske, 1998) are potentially important mechanisms of speciation and diversification. An enhanced role of epistatic gene combinations in autopolyploids may facilitate divergence between allopatric populations and perhaps parapatric populations because of hybrid incompatibilities between populations. Adaptive epistatic combinations may form the basis of Bateson-Dobzhansky-Muller incompatibilities, which may contribute to speciation (Presgraves, 2010) . That postzygotic reproductive incompatibilities appear to be weaker among polyploid hybrids than diploid hybrids in nature (Stebbins, 1950) goes against this claim that there may be an increased epistatic basis to population differences in polyploids versus diploids. Based on our results, selection for epistatic combinations is more efficient in diploids than autotetraploids if selection is weak and the deleterious effects of epistatic alleles when alone in a genotype are recessive. It could be that most polyploid species experience these conditions, but that there are exceptions, perhaps like C. americanum, in which selection is stronger and/or deleterious effects are more additive.
CONCLUSIONS
Our understanding of selection in polyploid populations is not well developed. This study indicates that there are conditions in which an adaptive epistatic gene combination is expected to be selected for more efficiently in an autotetraploid versus diploid population and that, more generally, selection for epistatic combinations may not be as restricted in autotetraploids as previously thought. Autotetraploid species incur an additional level of genetic disequilibrium that is distinct from linkage disequilibrium, namely chromosomal gametic disequilibrium. Chromosomal gametic disequilibrium for gametes that harbor the epistatic complex can achieve high values that are equal to or greater than linkage disequilibrium, and may therefore compensate for potentially faster rates of recombination in autotetraploids that breakdown linkage between adaptive epistatic alleles at the chromosome level. Figure A1 ). Over all, chromosomal gametic disequilibria must satisfy the relationship P i;j;k;c D ijkc ¼ 0, otherwise gamete frequencies would not add to one. If we associate a value D ijkc with each of the gametes on inner vertices in Figure A1 then which equals the overall level of chromosomal gametic disequilibrium. The determinant is independent of D confirming it does not contribute to D. Furthermore, the determinant indicates that all possible products D i D j D k contribute to the overall level of chromosomal gametic disequilibrium except for products involving gametes who when paired to form a zygote either do not generate new types of gametes during segregation or generate gametes on outer vertices of Figure A1 . For example, the product D 1112 D 1121 D 1221 is not part of the overall level of chromosomal gametic disequilibrium and involves gametes that when combined into a zygote that then undergoes segregation either generates the same gametes that formed the zygote (A 1 B 1 /A 1 B 2 , A 1 B 1 /A 2 B 1 or A 1 B 2 /A 2 B 1 ) or gametes on outer vertices of Figure A1 Marcus, 1990) , where the outer sum is over i, which takes values from 0,…,4 for the 4 × 4 matrix M D þ M D and the inner sum is over Ω, which consists of all subsets of numbers of length i from the set {1,2,3,4}. X Ω is a 4 × 4 matrix consisting of rows from either M D or M D , or both, such that a subset in Ω consists of the rows drawn from M D and placed in corresponding rows in X Ω , while the remaining rows are filled by corresponding rows in M D . When i = 0, X Ω = M D and when i = 4, X O ¼ M D , but the determinants of both M D and M D are equal to zero due to independence. Accordingly, the sum P r P O X O j j simplifies to a sum over i ∈ {1,2,3}, but it can be further shown that for i41 the determinant of X Ω is zero. Thus, M D þ M D j j¼ P 4 j¼1 X j where X j is a matrix in which the jth row comes from M D and the other rows from M D . Further analysis demonstrates that this sum is equal to the determinant of any cofactor of M D and the determinants of all of these cofactors are equal in value, such that the overall level of chromosomal gametic disequilibrium is given in Appendix 4.
APPENDIX
M D þ M D j j¼ P i P O X O j j (
